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Advanced Math 3200 Chapter 11: Permutations, Combinations, and the Binomial Theorem

11.3 The Binomial Theorem

Investigate Patterns in Pascal’s Triangle

In 1653, Blaise Pascal, a French mathematician, described a triangular array of numbers
corresponding to the number of ways to choose relements from a set of n objects. Some
interesting number patterns occur in Pascal’s triangle.

1
1 1
1 2 1
1 3 3 1

DERWED

Fill in the next row of Pascal’s triangle. How did you do it? Do you see any other patterns?

Each number in Pascal’s triangle can be written as a combination using the notation ,C .,
where nis the number of objects in the set and ris the number selected. For example,
you can express the third row as:

]
1 1
[ 1 2 1 ] |::> [2Co 2C 2C2|
1 3 3 1
1 - B - 1

Expand the following binomials by multiplying:
(r+y)' =
(x+y) =

(x+3) =

How do the coefficients of the simplified terms in your binomial expansions above relate to
Pascal's triangle?
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The coefficients in a binomial expansion can be determined from Pascal’s triangle. In the
expansion of (x+ )", where n € N, the coefficients of the terms are identical to the numbers
in the (n+1)™ row of Pascal's triangle.

Binomial Pascal's Triangle in Binomial €xpansion Row
(X + yP 1 !
(x+y x + 1y 2
(x+ y¥ Ix + 2xy + 1y? 3
(x+ v 1x? + Ixty +  3xy? + 1y? 4
x+y X+ Ay o+ B o+ Ay’ o+ 1y 5

The coefficients in a binomial expansion can also be determined using combinations.

Pascal’s Triangle Combinations
1 S
1 1 T Al -
1 2 1 £ (i £
1 3 3 1 L J L £
1 4 6 4 1 i ok & . G,
1 5 10 10 5 1 .G L L ., C, .
;C: = q?é1 Note that . C.'- represents the number of combinations of five items
TR taken two at a time. In the expanslon of (x + )% It represents the
_ (5)4) coefficient of the term containing X’y and shows the number of
2 selections possible for three x's and two y’S.
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Example 1
Expand Binomials

a) Expand (p+¢)° . n= (ﬂ rrbm PAS(‘.‘-E A

b) Identify patterns in the expansion of ( p+q)°. I
Solution r‘ b ‘6 a 0 \6 (-ﬂ \ J
a)

L4 +0 &g 11561 1 20224 1554
topg” + \f”“L('
%
\Dl‘ + (pPSZ‘HSP‘fZl,L aor?fﬂspli‘f

topg+ ¢

a) What are the coefficients in the expansion of (¢ +d)’?

b) Do you prefer to use Pascal's triangle or combinations to determine the coefficients in a
binomial expansion? Why?

) How many terms are in the expansion of (¢ +d)’?

d) What is the simplified expression for the second term in the expansion of (c+ d)j if the terms
are written with descending powers of ¢ ?
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You can use the binomial theorem to expand any power of a
binomial expression.
(x+ 7 = CPOP + GO0 + ) + -

+ C_ (' + C(x)”

binomial theorem

* used to expand
(x+y).neN

= each term has the form L=, C k(x)”"k (y)k
G (x)-(y)*, where
k + 1isthe term
number

The general term is given by:

In this chapter, all binomial expansions will be written in
descending order of the exponent of the first term in the binomial.

The following are some important observations about the
expansion of (x + y)", where x and y represent the terms of the
binomial and n € N:

* the expansion contains n + 1 terms

 the number of objects, k, selected in the combination C,
can be taken to match the number of factors of the second
variable selected; that is, it is the same as the exponent on the
second variable

e the general term, ¢, . has the form

LX) “(y)“T

the same

e the sum of the exponents in any term of the expansion is n
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BLM 114 Section 11.3 Extra Practice
l.a)121 b)14541 c)1615201361

2.a)+C2 b)Cs ) 10Cs

3.a)8 b0 c)(r+1)
4. ) at+ 455 + 6atbl + 4ab’ + B4

h) x° — 10x* + 40x° — 80x* = 30x — 32

c) 64 + 48y + 1292 +37

5.3) 27x° — 108x + 144x — 64

b) 16x* + 16027y + 600x2y? + 10007 + 625*

c) g’ — 10a*s + 40075 — 80428 + 80ab* — 325°

6. a) 35x%* b) 34 992487 ) —191 362 500x°

T.a) (x—10L b)(2+x)

133
2

9. 2150

10. 540

8.

.
=
=
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